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X-radiaUon has  a wavelenb~h ~, of about 1A 
and H e r s  a higher resolut ion than light; the 
image resolut ion ~ r  ~ VNA. At the p re sen t  
t ime,  ~he reso lv ing  power of the X - r a y  mic ro -  
scope is no be t te r  than that of the light mic ro -  
scape,  viz. 0.3 u. We propose  two new methods 
of X-ray  m i c r o s c o o y  which should provide  im- 
proved resolut ion;  one method sugges t s  a gain 
of about 10 t imes .  Both methods make  use  c~ 
~vo-w~velength mic roscopy;  X-radia t ion  is used 
to record  the cen t ra l  portion of the F o u r i e r  
trmmform of the object  on film and opt ica l  recon-  
struction i s  accompl ished  by a lens.  Exper iments  
have not yet been per formed  to t es t  the validity 
Qf the new methods;  our proposal  is  based  on 
theoretical  considera t ions  alone. 
Coherent image formation by a lens  makes  
use  of two succes s ive  Four ier  t ransformat ions .  
The Four ier  t r ans fo rm of an object  of t r ans -  
mittance t(r) is denoted T(r*). A diffraction pat- 
tern T(r*) represen t ing  a central  port ion of the 
Fourier  t r ans form of the object ,  i . e . ,  finite r* ,  
i s  contained in the back focal  plane of the lens. 
In general ,  the diffraction obtained without using 
a lens in F r e sne l  diffraction; the F o u r i e r  t rans-  
form is a special  c a s e  of a more  gene ra l  F resne l  
transformation.  Consider  a s implif ied diffraction 
experiment. A point source is  at  a d is tance  p 
f rom the object  plane (r), and the ampli tude 
ff(r I)  in the observat ion  plane ( r l ) ,  which is at a 
distance q f rom the object plane,  is  given by the 
Fresnel-Kirc.~hoff relation. It i s  weli-known that 
the amplitude is  complex and the de tec to r  in the 
observation plane,  i . e . ,  a f i lm, inly r e c o r d s  in- 
tensi t ies  ig(rl)!  2 so that the phases  a r e  lost. 
In the C-abor light microscope  (1), a coherent 
~ckground  reave is  added and the resu~:ting dif- 
fraction pat tern is  recorded  on the fi lm. This 
record  (hologram) includes an in te r fe rence  term 
which contains the phases ,  and af ter  optical  p ro-  
cessing (Fresne l  l~ransformation in thi~t case)  an 
* This work was aided by U.S. Public Health Service 
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image of the object  r e s u l t s .  The r~ethod of Leith 
and Upatnieks t2) success fu l ly  r e m o v e s  the un- 
wanted twin image.  The Gabor m i c r o s c o p e  was 
original ly proposed  fo r  two-wavelength operat ion 
us ing e lec t rons  and light, but the use  of X - r a y s  
and light has often been considered (3-5). Our 
ana lys i s  (6) of the theore t i ca l  resolut ion ol the 
Gabor X- ray  m i c r o s c o p e  tends to confi rm Baoz 
(3) and it s eems  unl ikely that this m i c r o s c o p e  
would have higher reso lu t ion  th-m a lens.  
Consider  the opera t ion  of the Gabor r~icro-  
scope  with q suff ic ient ly  large so that the f a r -  
fie~d F resne l  condition i s  met  (ff the r ad ius  of 
the aper tu re  is  R then the  far - f ie ld  condition is  
given by R z << 2~ q).  The film r eco rds  an in te r -  
f e r e n c e  term of the following form: 
A [ ?'(r*)l sin [~ ~ q (r*) 2 + ~( r  )] , 
where  T(r*) = IT{r*)] exp[i~t(r*)],  M is  the sha- 
dow magnification and is  given by M = ~ +q)/p. 
The in ter ference  t e r m  has  rapid var ia t ion with 
increas ing  r* (which can be expressed  in t e r m s  
of r l )  and the re fore  the fa r - f ie ld  hologram fai ls  
to r e c o r d  the F o u r i e r  t rans form of the ob jec t  
apar t  f rom a t iny cen t ra l  portion. Hence the f a r -  
f ie ld Gabor X - r a y  m i c r o s c o p e  lacks resolut ion.  
We propose two ways  of recording the cent ra l  
por t ion of the Fou r i e r  t r ans fo rm of an object  
us ing X-radiation.  Both methods have an in te r -  
f e r ence  term of the f o r m  
J T ( r * ) l  cos [2~p.  r *  +a ( r * ) ]  , 
whez e ~  is  an experLm____enta! pa ramete r .  This  ~m- 
tefez ence term can be r eco rded  on film. Optical  
recons t ruc t ion  using a lens  then provides  two 
magnified images  of the object  separa ted  by a 
d is tance  2M0~ where  M 0 is  the overa l l  magnifi-  
cation. 
Pinhole method. The source  plane contains 
an X - r a y  source of d i ame te r  d. The ob jec t  plane 
i s  opaque and contains a smal l  pinhole and a 
c i r cu l a r  aper ture  of modera te  radius ;  t hese  a re  
separa ted  by a c e n t e r - t o - c e n t e r  d is tance  m. The 
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object is placed over the ci rcular  aperture and 
the diffraction recorded on film. The experi- 
mental set-up is similar to a Young's interferen- 
ce system of two pinholes, (in o rde r  to get v i s i -  
ble fringes the size of the source d needs  to be 
small, a condition which can eas i ly  be met). We 
note that this method also resembles  that used 
by Leith and Upatnteks (7) for the production of 
Fourier  holograms in light using a lens. Pa- 
ral lel  may also be drawn with the heavy atom 
method of X - r a y  crystal  s t ruc ture  analysis. 
The t ransmit tance for the object plane t(r) is 
given by 
t (r)  : to ( r -a  ) . t l ( r  ) , 
where the pinhole transmittance is to( r -  a) and 
the unknown object is t l ( r  ). The intensity r e -  
corded in the far-f ield is proportional to 
I To(r*)l  2 + I Tl (ro) l  2 + 
+ 2)To(r*)  I I T l ( r * )  I cos[2=a. r *  + - a0(r* ) ] ,  
where 
To(r*) = ITo(r*)l e x p [ t a o ( r * )  ] 
and 
r l ( r *  ) = I T l ( r * ) l  e x p [ l a l ( r * )  ] . 
The optical reconstruction using a lens has the 
autocorrelation functions of the pinhole and the 
object superimposed at the origin, and two cross  
correlation, s of the pinhole and the object located 
at ~Moa , i . e . ,  a distance 2M0a apart.  
The far- f ie ld  condition for k ~ ZA, q ~. 1 
meter  requi res  a ~ 3 ~ and it can be shown that 
the aperture size (radius) is about 2 p. The r e -  
solution of the method ~ ,  ~ 8 where 8 is the dia- 
meter  of the pinhole; in order  that ~"  ~ 500 A 
we need 8 ~ ~ ~,. The small values of 8 and a 
are obvious limitations and present  day exposure 
t imes would be enormous. 
External reflection method. It an X-ray point 
source is placed in the object plane and an op- 
tical flat, i . e . ,  a mir ror ,  is positioned along q 
so that external reflection takes place, then in- 
t e r f e rence"  . . . . . . . .  xrmKes axe observed "~'- ~o1, this xs the 
X-ray analog of Lloyd's m i r ro r  experiment In 
light. 
The object plane is opaque and contains a c i r -  
cular aper ture  centered at x = b. The aperture 
has radius slightly less than b. An incoherent 
X-ray source is placed close to the aperture. A 
one-dimensional object t(x) is placed over the 
aperture. The intensity recorded contains the 
interference t e rm 
IT(x*) l  cos[2=b.X* + 
where 
T(x*) = ]T(x*) l  exp [ t  ~ ( x * ) ] .  
However, only a half-plane recording is  obtained, 
i . e . ,  x* >~ 0; a second copy is required before ob- 
taining the optical reconstruction. The optical r e -  
construction contains a centra l  peak and two mag- 
nified images  of the object at • M 0 b. 
The resolution i s  given by ~ = ~/20c, where 
0 c is the maximum angle of external reflection. 
The resolution i s  independent of wavelength and 
depends only on the material  used for  the mir ror ;  
a value of ~ ~ 150 A is obtained using experi- 
mental values of 0 c and ~ (9). 
Film resolving power and an experimental 
set-up of X ~ IA and q ~ I meter  r e s t r i c t  the 
aperture size to about 50 p. 
Comments. The pinhole method is  direct ly 
applicable to plane objects but information on the 
third dimension is preserved (the analysis is 
omitted). The external  reflection method can be 
extended to two dimensions by use ~f  two mir-  
ro r s  at right angles,  but the third dimension is 
not preserved. 
The overall magnification Mo in the pinhole 
me~od is given by M 0 = )~2q2/~1ql (~1,ql refers  
to the f irst  stage using X-radiation; X2, q2 re -  
fers  to the optical reconstruction), which is 
identical to that of the two-wavelength Gabor 
microscope (1). The magnification in the exter- 
nal reflection method Is given by M 0 = 2~2q2/~lq 1 
The X-ray  source size in the pinhole method 
has not been neglected; a finite incoherent sour- 
ce spreads the intensity pattern from a point 
source by a convolution operation. The result  of 
this effect is not to limit resolution, but to re-  
strict the object dimension (6). 
In the external reflecting method there will 
be some scattering from the m i r r o r  surface (10). 
It is problematical to what extent the resolution 
will be affected. Pre l iminary  considerations 
suggest that the resolution will be little changed 
but, more cor rec t ly ,  this can only be answered 
by experlme~,t. We note that the method has 
some advantages in comparison to the X-ray re-  
flection method. It avoids the troublesome aber- 
rations, has a higher magnification, a larger 
aperture size, and uses shorter exposure times. 
References 
1. D.Gabor, Proc.Roy.Soc. (London) A197 (1949) 
454. 
2. E.N. Leith and J. Upatnieks, J. Opt. Soc. Am. 52 
(1962) 1123. 
125 
Votume 15, number2 PHYSICS L E T T E R S  15 Mm~ch 1965 
3, A.V.Bsmz, J,Opt.Soc, Am. 42 (1952) 756. 
4. E.N. L~ith, private communication (1962). 
5. G.W.Stroke and D.G.Fslconer, Physics Letters 
IS (1964) BO6. 
$. J.T. Winthrop and C. R. Worthiagton, in prepara- 
ttou. 
7. g.N.Leith and J.Upatnieks, J.Opt.Soc.Am. 54 
(tse4) 1295 
8. G.Ke l l s~m,  Nova Acts Soc.Sci.Upnl. 8 (1932) 
61. 
9. L.M.Rieser. J.Opt.Soc.Am. 4V (1957} 987, 
10. W . E h r e ~ ,  J.Opt.Soo.Am. 39 (1949)"/46. 
ON T H E  S U S C E P T I B I L I T Y  O F  L I Q U I D  G A D O L I N I U M  
R. M. XAVIER, X. A. DA SILVA and W. BALTENSPERGER 
CetWro Bzasileiro de Pesquisas Fisicas, Rio de d,metro, Braai! 
Received 9 Febzusry 1965 
In the r a r e  ear th  metals  the ionic magnet ic  
moments  a re  coupled via  the conduction e lec-  
t renm This has  often been:studled for  the solid 
state [1-4]. In th is  work  the ef fec ts  of a liquid 
s t ruc ture  imfl of a shor t  mean f r ee  path a r e  eval- 
uated. Although p r e c i s e  empir ica l  da ta  a r e  lack- 
ing, the resulLs c lea r ly  show that at  high tern per-  
a tu res  the short  mean f ree  path d ras t i ca l ly  de- 
c reases  the paramagnet ic  Curie t empera tu re ,  
which, however ,  i s  larger  in the liquid compared 
to the solid state.  
The coupling between two ~LOn spins has  the 
form 
rt~ = (9= Z2F2/4p)(g-1) 2 F~,(2k m Rij ) Ji .Jj  (1) 
where Z is  the valency,  -AFz the exchange inte- 
gral  between a 4f and a conduction e lec t ron ,  g 
the I m . ~  fac tor ,  (g - l )  Ji the component  of the 
spin directed rdong the angular momentum of the 
ion i [1], and k m the wave number corresponding 
to the Fe rmi  energy  p .  For ~ infinite mean f ree  
path ~, F~ ix) = x-'4t(x cos  x - sin x) is  the Ruder-  
man-Kittel  funcV, on. When ~ is f inite,  FA is the 
integral express ion  given by Kaplan (ref.  5 equa- 
tion 19 multiplied by (4~k 4 R2)-1). 
solids the to ta l  Lnteraction energy  is a sum 
of (1) over all lat t ice positions. In a liquid this 
energy is obtained by integr~.ting (1) over  the ra-  
dial distribution function. Thus in the p resence  
of a magnetic induction B along the z direct ion,  
the energT per  ion h~ the paramagnet ic  region 
becomes 
E ~ -g ~bBJ.yz; + (9=Z2F2/8~)(~- l )2  ~jz)2 S (2) 
where ~b is the Bohr magneton, and ( . . . )  the 
sLatistical average.  The s t ructure  fac tor  is 
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s = Fx(2kmR0J) (3) 
j , 0  
fo r  sol ids,  or  
oo 
s= f 4~r2p(r)Fx(gkrar)dr (4) 
o 
for  liquids, Mr) being the atomic dens i ty  at a 
dis tance  r f rom an ion. The paramagnct ic  Curie  
t empera tu re  in the W e i s s  approximation become s  
Tc---3~ r2z2s(g-1)2j(J+l)/(41~Bl~) (5) 
(k B is  the Boltzmann constant). 
p(r) can be de te rmined  by X-ray  or neutron 
diffraction. For  liquid r a r e  ear ths ,  however ,  
these  data a re  not avai lable .  We shah  cons t ruc t  
a distr ibution function with the assumpt ion that 
two elements  with the  s ame  c rys ta l  s t ruc tu re  at 
high t empera tu re s  have s imi lar  d is t r ibut ion  func- 
t ions  in the liquid s ta te .  Thus,  given 4~ r  2 DA(r) 
the radial  dis tr ibut ion function foT a liquid A,  
and a scale factor  a = (P0A/P0B) |Where  P0 is  
the atomic densi ty,  the  proposed dis t r ibut ion in 
the liquid B is  4~(ar)2~'3PA(ar ). As a t e s t  the 
rad ia l  dis tr ibut ions p roposed  for Cs based  on 
the data of Ll, Na, K and Rb [6] agree  with the 
empi r ica l  distr.ibution be t t e r  than 4 and ~ r e -  
garding the posi t ions of the f i r s t  and second 
peaks ,  respec t ive ly ,  while the heights show a 
d isagreement  of 18% in the worst  case .  Since Gd 
has  a b.c.c,  s t ruc tu re  at high t e m p e r a t u r e s  [7], 
we use  the data of Cs.  
The mean f r ee  path v a r i e s  slowly at high 
t empera tu res .  A value  of A = 5 A has been quoted 
for  the solid phase  [4]. Kaplan's  express ion  
Fk(2km R) has been evaluated with an e lec t ronic  
computer .  
The s t ructure  f a c t o r s  S is an invartant  of the 
